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Diagonally Inverted Lower-Upper Factored Implicit
Multigrid Scheme for the Three-Dimensional

Navier-Stokes Equations

Jeffrey W. Yokota*
Sverdrup Technology, Inc., NASA Lewis Research Center Group, Cleveland, Ohio 44135

A diagonally inverted, lower-upper, approximately factored, implicit multigrid algorithm is developed to calculate
three-dimensional compressible viscous flows. This scheme solves the full Reynolds-averaged Navier-Stokes
equations with a k-s model of turbulence. The flow equations are solved within the framework of the multigrid
method using a four grid level W-cycle, while the k-B equations are solved only on the finest grid and uncoupled
from the flow calculations. This treatment proves to be an efficient method for calculating three-dimensional
compressible viscous flows.

Introduction

A S the availability of larger and more powerful computers
increases, so will the attention being directed towards

computing complex three-dimensional (3-D) compressible vis-
cous flows. At present the most successful approach has been
to solve the thin-layer Navier-Stokes equations with an alge-
braic turbulence model. Most notable has been the work of
Pulliam and Steger1 and their highly successful ARC codes.

Attempts to produce efficient numerical schemes for
the calculation of compressible viscous flows have led to
the diagonalized alternating direction input (ADI) scheme
of Chaussee and Pulliam2 and more recently to the multi-
grid Runge-Kutta scheme of Jayaram and Jameson.3 As
emphasis increasingly focuses upon calculating complex three-
dimensional flows, the need to efficiently solve numerically the
Reynolds-averaged Navier-Stokes equations is correspond-
ingly apparent.

The present work deals with the development of a multigrid
scheme for the numerical solution of the Reynolds-averaged
Navier-Stokes equations and the two equation k-s turbulence
model. The Reynolds-averaged Navier-Stokes equations,
which for mathematical closure requires the modeling of the
Reynolds stress tensor, are solved by the diagonally inverted
lower-upper (LU) implicit multigrid scheme developed by
Yokota, Caughey, and Chima.4 A Boussinesq eddy-viscosity
formulation is used to model the Reynolds stress term, where
the turbulent viscosities are calculated from a standard high-
Reynolds-number k-e model.

Analysis
The three-dimensional Reynolds-averaged Navier-Stokes

equations, with the Boussinesq eddy-viscosity formulation,
are written in divergence form and then transformed from the
Cartesian coordinate system (x,y,z) to the generalized system
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The Jacobians of the coordinate transformation are:
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where D is the determinant of the matrix /, and the con-
travariant velocity components (U,V,W)T = J~l(u,v,w)T are
derived from the Cartesian velocity components (u,v,w).
The transformed flow equations can be written:
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and p, P, and T are the fluid density, pressure, and tempera-
ture; and E is the total energy per unit volume. Prf = 0.72 is
the laminar Prandtl number, Prt = 0.90 is the turbulent
Prandtl number, ^ is the laminar viscosity found from
Sutherland's Law, and \it is the turbulent viscosity obtained
from the k-s turbulence model. The total energy and pressure
of a calorically perfect gas are related through the equation of
state:

where y = 1.4 is the ratio of specific heat capacities.
The eddy viscosity /x,, required by the Reynolds-averaged

Navier-Stokes equations, is modeled as:

(2)

where k is the turbulence kinetic energy, e is the dissipation
rate of the turbulence kinetic energy, and C^ is a scalar
constant for isotropic turbulence. The basic high-Reynolds-
number k-^ turbulence model of Launder and Spalding5 is
used, together with a standard wall function, to calculate
these turbulent viscosities. The standard k-s model is chosen
because of its computational efficiency and ability to model
accurately a variety of different flows (Avva, Kline, and

V4 y -1 e

0

• + Dlz*yz

dT dT df
t T7 + C5 T~ ~i~ C6 TT

,
dT
-

dT
-

dT
-

Ferzinger6). Although far from being a universal turbulence
model, the high-Reynolds-number k-s model was chosen
over the more widely used algebraic models for the following
reasons:

1) wakes are captured without having to be located and
treated uniquely,

2) it is less sensitive to skewed or nonorthogonal mesh cells
near solid walls, and

3) the wall function treatment, which makes no attempt to
resolve the flow within the laminar viscous sublayer, requires
fewer mesh cells.

The k-e equations can be written:
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is defined as
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The turbulence modeling constants are chosen to be the
standard Launder and Spalding9 values of

(7^=0.09 / j = t2=\.92 = 1.0

and were never altered during the course of this work.
(Isotropy is assumed since C^ is a scalar constant rather than
a nonconstant vector quantity.) The transformed Navier-
Stokes and k-e equations are discretized by a finite- volume
formulation that approximates the spatial differences as a net
flux across the faces of each mesh cell. Global conservation
and the admission of possible uniform flow solutions are
insured by evaluating both the inviscid and viscous flux
vectors on the faces of the boundary-conforming mesh cells.
This procedure requires that the flow and k-s variables,
viscous stresses, and flux-embedded geometric quantities be
defined on the faces of the mesh cells during the flux evalua-
tions, although it is the cell-averaged flow and k-e variables
that are calculated during the time and spatial marching. The
viscous stresses and geometric quantities are evaluated di-
rectly on the cell faces, while the flow and k-e variables are
averaged over values found in adjacent cells. The unsteady
equations can be discretized into an implicit approximation
that, when written in a linearized delta form, produces a
numerical scheme whose steady-state solutions are indepen-
dent of the time step size used in the time marching. The
computational effort required to construct this implicit ap-
proximation is kept at a minimum by treating only the
inviscid fluxes. The delta form, produced by linearizing the
changes in the inviscid flux vectors through a Taylor series
expansion about a time level «, can be written for the flow
equations as follows:

- Fv)

where

- Gv)

" = Wn + l- Wn

- Hv)}»jk (4)

and A/ is the time step size; 0 < /x, < 1 is a parameter govern-
ing the degree of implicitness; 6 and $ are cell- and face-cen-
tered central differences; / is the identity matrix; and A, B,
and C are the inviscid flux Jacobian matrices relative to the
vectors F, (7, and H. The implicit form of the k -e equations
can be written as follows:

- Eke)] A 07. ijk =

(5)

and

where Ake9 Bke, and Cke are the inviscid flux Jacobian matrices
relative to the inviscid terms found in the vectors FkE, Gke,
and HkE; and Eke is the Jacobian matrix relative to the source
vector SkE.

Artificial Dissipation
The finite-volume formulation reduces to a central differ-

ence approximation on a uniform grid and therefore requires
the addition of explicit artificial dissipation terms to suppress
possible odd and even point oscillations and shock over-
shoots. Following the works of Jameson7 and Pulliam,8
fourth difference terms are added throughout the flowfield to
prevent odd-even decoupling, while second difference terms
are used to stabilize the flow calculation near shocks.

The conservatively added dissipative term is an adaptive
nonlinear blend of second and fourth differences that acts to
turn on the second and turn off the fourth difference terms
near a shock. A local Mach number scaling, similar to the
treatment suggested by Flores and Hoist,9 is included in these
terms to prevent the addition of artificial dissipation to vis-
cous-dominated flow regions near solid walls. The dissipative
terms added to the flow equations are of the form:

W,

where the shock sensing term below:

t (6)

is used to define the following nonlinear scaling factors:

A f J + i/2

y(4)

-1/2
- 1/2

where /(2) and #(4) are scalar constants and Af ' is a one-
dimensional unit Courant number time step scaling factor. M,
is the local Mach number scaling that is normalized by the
inflow Mach number and limited to a maximum value of
unity. Dissipative terms are also added to the k-e equations
and are second difference terms of the form:

(7)

where

and %(fce) is a scalar constant.
-1/2

LU Approximate Factorization
The block-banded implicit delta operator is factored into

two block triangular operators to circumvent the considerable
amounts of CPU time and temporary storage needed to solve
this unfactored implicit approximation. The LU factorization,
which is based on one-sided, implicit, spatial differences, can
be written for the flow equations as:

? A2 + <5 + B2 + <5 + C2)]

- Fv) + Sn(G - Gv) + 6c(H - Hv)
(8)

and for the k-e equations as follows:

£ Ak£2 + 6} Bke2 + 6 + Ck£2 - Ek£2)] MVkE |fc

-h TkE - SkE)ljk (9)



SEPTEMBER 1990 DIAGONALLY INVERTED LOWER-UPPER FACTORED IMPLICIT SCHEME 1645

where d+ and d~ are cell-centered forward and backward
first differences, and the inviscid flux Jacobian matrices are
split and reconstructed as:

P\A\I)I2

Ak£l = (Ake Ake2 = (Ake - ft\A\I)!2

where

is the maximum absolute-valued eigenvalue of the Jacobian
matrix A, f$ « 1 is a scalar constant governing the amount of
implicit dissipation produced by the matrix reconstructions,
and / is the identity matrix. This splitting is chosen to insure
a nonsingular diagonal inversion and is similar to the
Jameson and Turkel10 splitting that produces diagonally dom-
inant implicit factors for each matrix inversion in every mesh
cell.11 This LU factorization requires the solution of two
block triangular operators, each of which, through back
substitution, can be reduced to simple 5 x 5 matrix systems at
every mesh cell. These reduced systems can be written as
follows:
Lower Sweep

- Fv)

, AF?_ lj

- G0) - Hv) + 1)5*

C, AF»,,, _ 0 ( 10)

Upper Sweep
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A similar analysis for the k-e equations can be used to
write the following 2 x 2 matrix equations:
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Diagonally Inverted LU Factorization
The LU factorization of the fc-e equations produces simple

2 x 2 matrix systems that can be inverted algebraically, while
the matrix systems associated with the flow equations are
diagonally inverted using the similarity transformation4 that
produces the following diagonal matrix:

having elements

A1 1=A2 2 = A33 = C / + K + F r

where

= U+ V+ W + c

Xt = 0 when i ̂ j

q2 = u
2 + v2 + w2

and c is the local speed of sound. This similarity transforma-
tion, for a local time step defined as:

Cn

where Cn is the Courant number used in the time marching,
can be used to transform the lower and upper sweeps into
scalar equations with the following vector components
(m = l,...,5)

Lower Sweep

(G-'AFfcX,,--

Upper Sweep
(14)

(Q AW"ifk)m =

(15)
and

These two steps can be then approximated by the even
simpler systems:
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where Bai = 0.5(Ba +P\A\I); Da2 = 0.5(£a - fi\A\I); and Ba
contains only the diagonal elements of the symmetric matrix
Q->AQ [i.e., 3ail=aa22 = 3a33=U; 3a44=U+ c(txl} +
tyl2 + W3);_and JflS5 == C/ - c(£xl± + £yl2 + £z/3), with similar
terms for /J f t l, Dft2, BC}, and /)C2)]. The solution of these
scalar equations requires less computational effort than the
original matrix equations and significantly increases the com-
putational efficiency of the LU factorization.4

Initial and Boundary Conditions
Initial conditions are needed to start the calculations and

are chosen to be a uniform flowfield based on an initial guess
of the upstream flow.

During the residual calculation, a no-slip condition is en-
forced along the solid boundaries. This treatment requires
that only pressure needs to be specified along solid boundaries
and is obtained from a three-dimensional interpretation of the
normal momentum analysis developed by Rizzi.12 For a solid
boundary aligned with an 77 -£ plane, the normal momentum
analysis requires that the following equation be satisfied:

dP dP dP

where Q is the mean upstream speed. A zeroth-order extrapo-
lation of the k-s values is used to specify conditions at the
outflow boundary.

The turbulent viscosity is set to zero along solid walls while
a standard wall function5 is used to evaluate the k-s variables
in cells immediately adjacent to solid walls. The wall function
takes the form

Kvk
(21)

where

and PI, HI, YI, and Ul are the fluid density, laminar viscosity,
distance, and tangential velocity found in the first mesh cell
away from a solid wall. Kvk = 0.41 is the von Karman con-
stant and Ec is a wall roughness constant that has a value of
Ec = 9 for smooth walls. The wall function is solved by a
Newton-Raphson iterative method, and the resulting friction
velocity Ur is used to evaluate the k-s variables as follows

where

a2 =

For a steady subsonic inflow boundary, total pressure, total
temperature, and two flow angles are specified while a one-
dimensional Riemann invariant

R=q-
2c

7-1

is extrapolated from the interior flowfield (similar to the
treatment used by Chima13). An inlet boundary-layer profile
is specified by fixing a constant inlet total temperature and
varying the inlet total pressure with a power law velocity
profile.14 For steady subsonic outflow, the specified boundary
condition is a nonreflective treatment, based on the work of
Rudy and Strikwerda,15 that attempts to minimize unwanted
reflected waves from the outflow boundary. Static pressures
are obtained from a radial momentum analysis

e, =- (22)

Steady-State Calculations
The calculation of steady-state solutions is made more

efficient by using local time-stepping and the multigrid
method.

Local time stepping is used to optimize the time step
throughout the flowfield. A locally varying time-step size,
based on a constant Courant number, is used to create a
warped time integration that can accelerate the calculation to
a steady state without affecting the steady-state solution.
These time steps are defined identically for both the flow and
k-s equations, although the value of the Courant numbers
used in their evaluation may vary. Given the spectral radii of
the flow and k-s equations

the following time steps can be defined

p dr r

(where r is radial distance and U0 is tangential velocity) and
then coupled with the incoming compatibility relation to
produce a nonreflective boundary condition

Pf Pke

dJP
~dt

+ a(/>-P re f)=0 (19)

where

Here Pref is the static pressure obtained from the radial
momentum equation and a « 1 is a scalar constant.

The initial conditions used to start the k-s calculations are
a uniform field based on the inflow k-s boundary conditions.
A 2% turbulence intensity is assumed upstream and is used to
produce the following inflow boundary conditions:

k = 1.5(0.0202
£=A;3/2/0.01 (20)

For a given Courant number, the time step for the flow
equations would be significantly smaller than that of the k-s
equations. To insure that these two time steps are comparable
in size, two Courant numbers, different in magnitude, would
need to be used.

The multigrid method is incorporated into the diagonally
inverted LU scheme to accelerate the removal of low-
frequency errors from the flow solution and thus increase the
efficiency of the time-marching procedure. Following the
work of Jameson,16 the flow solver is used to smooth out
high-frequency errors resolvable on any current grid level (h),
while the multigrid method is used to eliminate low-frequency
errors through a sequence of flow calculations on coarser
grids (2/z,4/z,8/z,...). The multigrid sequencing used is a four-
level W-cycle, where coarse grid boundary conditions are
identical to those used on the fine grid with the exception of
the inflow/outflow conditions, which are updated only on the
fine grids. The Reynolds-averaged Navier-Stokes equations
are solved on the finest grid while only the Euler fluxes are
evaluated on the coarse grids. Coarse grid residuals are kept



SEPTEMBER 1990 DIAGONALLY INVERTED LOWER-UPPER FACTORED IMPLICIT SCHEME 1647

smooth by adding only a constant coefficient second differ-
ence artificial dissipation term (the nonlinear blended terms
are used only on the fine grid). This treatment attempts to
limit the amount of high-frequency errors reintroduced into
the flowfield by the upward interpolation of the coarse correc-
tions. The flow solver, in this case the diagonally inverted LU
scheme, is invoked only once on each grid level and only
before transferring the flowfield to the respective coarse grid.
The multigrid cycle defined above requires approximately 1.32
work units of computational effort, where work units are
normalized by a single Navier-Stokes calculation on the finest
grid. The k-s equations are solved only on the finest grid and
are not accelerated with the multigrid method. Preliminary
attempts at multigridding the k-e equations proved to be less
efficient than simply solving these equations only on the finest
grid. Since it is the time asymptote and not the solution at any
current time step that is ultimately required, there seems to be
little reason to multigrid the turbulence model between each
fine grid flow calculation.

Results
Numerical results are presented to illustrate the diagonally

inverted LU scheme's ability to calculate three-dimensional
compressible viscous flows and the convergence acceleration
produced by the multigrid method.

Turbomachinery calculations were performed on H-type
grids consisting of 96 x 24 x 24 mesh cells in the throughflow,

blade-to-blade, and radial directions, respectively. These grids
were generated using a modified version of the grids about
airfoils using Poisson's Equation (GRAPE) code17 originally
developed by Sorenson.18 All calculations were performed on
a CRAY X-MP, where a calculation consisting of 211 work
units required approximately 1.5 million words of memory
and 40 min of CPU time.

The test case used to evaluate the LU scheme is the
Annular Cascade designed and extensively tested at NASA
Lewis.19-20 The computational grid shown in Fig. 1 is based
on the full annular ring of 36 core turbine stator vanes. The
geometry is a 38.10mm high, untwisted blade of constant
profile with an axial chord of 38.23 mm. The stator has a tip
diameter of 508 mm and a 0.85 hub-to-tip radius ratio. Mesh
cells found immediately adjacent to solid walls are centered at
distances 0.002 of an axial chord away, which correspond to
a value of Y+ « 60 for the following flow calculations.

Experimental test conditions of ambient axial inflow and a
0.65 hub-static to inlet-total pressure ratio produce a flowfield
with mean radius inlet and exit critical velocity ratios of 0.231
and 0.778, respectively. To match the upstream flow condi-
tions (an inflow Mach number of 0.211), the calculations were
run with a 0.665 hub-static to inlet-total pressure ratio.

Figure 2 shows the convergence history of a single-grid
calculation where a drop of only two and a half orders of
magnitude in the residual of the continuity equation was
produced after 400 work units. A further reduction of the
residual would require significantly more iterations since a
"flattening out" of the convergence rate occurs after 300 work
units.

The convergence history of the multigrid calculation is
shown in Fig. 3 where a significant amount of acceleration
can be observed. A residual drop of approximately four and
a half orders of magnitude is produced within 400 work units
and with no major "flattening out" of the convergence rate. A
Courant number of six was used in the solution of the flow
equations, while a Courant number of four was used in the
k-& equations (no attempt to optimize these numbers was
made).

The resulting flowfield is fully subsonic and is compared
with experimental data at three span wise positions. Figures 4,
5, and 6 compare the calculated blade surface static pressure
distributions (normalized by inlet total pressure) at 13.3,
50, and 86.7% span with the experimental data prouced by

Fig. 1 Computational grid for the Annular Cascade.
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Fig. 2 Convergence history for the single-grid calculation. Fig. 3 Convergence history for the multigrid calculation.
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Fig. 8 Flow angle at 9, 50, and 82% span and 156% axial chord.

Goldman and Seasholtz.20 The trailing-edge flow is not cap-
tured smoothly (as expected) due to the bluntness of the
blade's trailing edge but the overall results agree well with the
experimental data. This agreement is most significant near the
uncovered portion of the blade's suction surface, where an
inadequate turbulence model can greatly affect the accuracy
of the flow calculation. A laminar calculation will separate in
this region while an algebraic turbulence model may not be
able to resolve all the subtleties of the flowfield.14

Figure 7 shows the critical velocity ratio distributions along
the 9, 50, and 81.7 percent radial span planes at the 155.8
percent axial chord location. The agreement between the
computational and experimental results is extremely good and
increases as one moves away from the hub and toward the tip
region. This behavior may be due to the hub secondary flow
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and the nonisotropic turbulence found within this region. In
general, the flow calculation captures the viscous wake effects
and agrees well with the slightly nonperiodic experimental
data.

Figure 8 shows the flow angle comparisons at the three
previously defined radial locations. The computational results
compare extremely well with the experimental data at
midspan but deviate from the experimental data as one moves
away from this plane and toward the hub and tip regions.
This result is due to the underprediction of the boundary
layer thicknesses and is not unexpected since the k-e model
assumes fully turbulent flow and a transition model has not
been incorporated into the calculation.

Overall the numerical calculations compare well with the
experimental data and demonstrate the scheme's ability to
calculate complex flows.

Conclusion
A diagonally inverted LU implicit multigrid scheme has

been developed for the three-dimensional Reynolds-averaged
Navier-Stokes equations where turbulent viscosities are calcu-
lated from a two-equation k-s turbulence model. Results
illustrate both the scheme's ability to calculate complex three-
dimensional compressible flows and the convergence accelera-
tion produced by the multigrid method.
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